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Abstrat
We present a model of mesopartiles, very muh in the Dissipative Partile Dynamis
spirit, in whih a moleule is replaed by a partile with an internal thermodynami degree of
freedom (temperature or energy). The model is shown to give quantitavely aurate results
for the simulation of shok waves in a rystalline polymer, and opens the way to a redued
model of detonation waves.
1 Introdution
Multimillion atom simulations are nowadays ommon in moleular dynamis (MD) studies. How-
ever, the time and spae sales numerially tratable are still far from being marosopi, so that
redued models are of primary interest when multisale phenomena are onsidered. In partiular,
the simulation of shok waves is a hallenging task, involving very small time and spae sales and
large energies near the shok front, and muh larger time and spae sales and lower energies for
the relaxation of the shoked materials, inluding the evolution of disloations loops for example.
Some redued models for shok waves were proposed, for polyrystalin materials [9℄, rystalin
materials with a projetion of the dynamis onto a one-dimensional atom hain [19℄, or resorting
to mesopartiles with internal degrees of freedom [18℄. This last approah seems to be the most
promising and the most general one, and onsists in replaing a omplex moleule by a single
partile. The introdution of an internal degree of freedom desribing in a mean way the behavior of
several degrees of freedom is reminisent from Dissipative Partile Dynamis (DPD) models, whih
aim at desribing omplex uids through some mesodynamis with some additional variables.
DPD models, introdued in [10℄, have been put on rm thermodynamis ground in [6℄. Some
derivations from MD where proposed in a simplied ase in [3℄, the more onvining general
derivation being at the moment [7℄. These studies motivate the modelling of the mean ation
of the projeted degrees of freedom through some dissipative fores (depending on the relative
veloities of the partiles, so that the global momentum is onserved), balaned by some random
fores. Ergodiity of the dynamis an be shown in some simplied ases [17℄. Therefore, DPD
dynamis are well established and motivated redued models.
Coarser models suh as SPH (Smoothed partile hydrodynamis) [11, 13℄ are routinely used to
simulate shok waves at the hydrodynami level, and an also be formulated in a DPD framework
(the so-alled Smoothed dissipative partile dynamis [5℄). However, these models require the
knowledge of an equation of state Eint = Eint(S, P ) giving the internal energy as a funtion of
entropy and pressure, for instane. Therefore, SPH-like models annot be onsidered when the
oarse-grained model is still at the mirosopi level.
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It is also not possible to resort diretly to the lassial DPD models to simulate shok waves.
Indeed, the dissipative and random fores arising in DPD are linked through some utuation-
dissipation relation, using a loal temperature. But when a shok wave passes, energy is transfered
to the material, and the loal temperature hanges. Therefore, it is neessary to onsider DPD
models where the utuation-dissipation relation is not xed a priori, but evolves depending on
the physial events that have happened. DPD with onserved energy [1, 4℄ are suh models.
Let us emphasize at this point that keeping thermal utuations in the mirosopi models is of
paramount importane to obtain the right relaxation proles behind the shok front [8, 19℄.
We present here a dynamis strongly inspired by those models, and show that it provides an
interesting mesosopi model for the simulation of shok waves. To our knowledge, this is the
rst study on shok waves using stohasti dynamis of this kind. It also opens the way for an
extension to detonation waves [12℄, where exothermi hemial reations are triggered as the shok
passes, with the shok sustained and enhaned through the energy released.
The paper is organized as follows. We rst reall the usual DPD equations, and propose our
mesosopi dynamis. We then disuss the numerial implementation of the dynamis and present
some simulation results.
2 Dissipative Partile Dynamis with onserved energy
All atom simulations are performed resorting to Newton's equations of motion. The orrespond-
ing mirosopi systems are deterministi, Galilean invariant, and have some invariants, suh as
the total energy. While stohasti models are natural models to desribe systems with redued
dynamis (sine the information lost by the averaging proess is modelled by some random pro-
ess), it is however not lear that suh a stohasti model an reprodue, even in a mean way, a
deterministi dynamis with invariants.
It turns out however that DPD models are stohasti dynamis whih are Galilean invariant
and preserve total momentum. Some renements were also proposed in order to onserve the total
energy of the system, a model alled 'DPD with onserved energy' (DPDE [1, 4℄).
We onsider a system of N partiles in a spae of dimension d, desribed by their positions
(q1, . . . , qN ) and momenta (p1, . . . , pN ), with assoiated mass matrix M = Diag(m1, . . . ,mN ),
interating through a potential V . We assume for simpliity that the interations between the
partiles are pairwise and depend only on the relative distanes, so that V(q) =∑i<j V (|qi− qj |).
Denoting by T¯ the referene temperature and β = 1/(kBT¯ ), the DPD equations read [10, 6℄

dqi =
pi
mi
dt
dpi =
∑
j 6=i
−∇V (rij) dt− γχ2(rij)(vij · eij)eij +
√
2γ
β
χ(rij)dWij eij
(1)
with
γ > 0, rij = |qi − qj |, eij = qi − qj
rij
, vij =
pi
mi
− pj
mj
,
χ a weight funtion (with support in [0, rc] where rc is a ut-o radius), and where Wij are
1-dimensional independent Wiener proesses suh that Wij = Wji.
Notie that, sine the dissipation term depends only on the relative veloities, the dynamis are
globally Galilean invariant. Besides, the total momentum is preserved. However, the total energy
utuates, so that some renements in the model are required. Relying on the general DPD
piture, DPD with onserved energy were introdued in [1, 4℄. The idea is that the variations of
the total mehanial energy
H(q, p) =
1
2
pTMp+ V(q)
through the dissipative fores are ompensated by some reservoir energy variable attahed to eah
partile. Introduing an internal energy ǫi for eah partile, the evolution of the internal energies
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are onstruted suh that dH(q, p)+
∑
i dǫi = 0. An assoiated entropy si = s(ǫi) and an internal
temperature an be also dened for eah partile as
Ti =
(
∂si
∂ǫi
)−1
.
For example, when the internal degrees of freedom are purely harmoni, T (ǫ) = ǫ/Cv, where
Cv is the spei heat at onstant volume. More generally, this mirosopi state law should be
omputed using MD or ab initio simulations.
3 A simplied model for shok waves
The model we onsider is strongly inspired from DPD models with onserved energy [1, 4℄, so
that all the properties of the usual DPD models with onserved energy an be straightforwardly
transposed to this ase. The derivation of the model is done as in [1, 4℄.
The main dierenes here is that (i) we present the dynamis for partiles of unequal masses,
and (ii) do not projet the dissipatives and random fores along the lines of enter of the parti-
les. The generalization to partiles of unequal masses is done by onsidering dissipation fores
depending on the relative veloities, and not on the relative momenta. This is important if mix-
tures omposed of (say) two moleules are simulated, and eah moleule is replaed by a single
partile, whose mass is the total mass of the moleule. The dissipative and random fores ould
be projeted as well to onserve angular momentum, but we restrit ourselves to the simpler and
more general ase when these fores are not projeted, sine we are only interested in Galilean
invariane, and have in mind an extension to redued models for reative shok waves [12℄, whih
do not neessarily preserve angular momentum, even if the dissipative and random fores are pro-
jeted. Suh a model is also loser to the Langevin piture of the previous redued models for
shok waves [9, 18℄.
We nally neglet the thermal ondution here, sine the ontribution to the evolution of the
internal energy arising from the dissipation fores is expeted to be dominant in the nonequilibrium
zone near the shok front. Heat diusion plays a role only after the relaxation towards equilibrium
in the shoked zone is ahieved.
The equations of motion for the system read:

dqi =
pi
mi
dt
dpi =
∑
j, j 6=i
−∇V (rij) dt− γijχ2(rij)vij dt+ σijχ(rij)dWij , (2)
where χ is still a weight funtion (with support in [0, rc] where rc is a ut-o radius), and Wij are
now d-dimensional independents Wiener proesses suh that Wij = −Wji. The frition γij and
the utuation magnitude σij will be preised below. As for DPD models with onserved energy,
the dynamis is postulated in a manner suh that the total energy
E(q, p, ǫ) = H(q, p) +
∑
i
ǫi
is preserved. The evolution of dH = −∑i dǫi is inferred from (2) using Tt rule (see [4℄ for more
details). Therefore, we onsider the following dynamis:


dqi =
pi
mi
dt
dpi =
∑
j, j 6=i
−∇V (rij) dt− γijχ2(rij)vij dt+ σijχ(rij)dWij ,
dǫi =
1
2
∑
j, j 6=i
(
χ2(rij)γijv
2
ij −
σ2ij
2
(
1
mi
+
1
mj
)
χ2(rij)
)
dt− σij χ(rij)vij · dWij ,
(3)
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with the following utuation-dissipation relation [1, 4℄
σij = σ
2, γij =
σ2
βij
with βij =
1
2kB
(
1
Ti
+
1
Tj
)
. (4)
It is then easily heked that measures of the form
dρ(q, p, ǫ) =
1
Z
e−βH(q,p) exp
(∑
i
s(ǫi)
kB
− βǫi
)
dq dp dǫ (5)
are invariant [1℄. This measure expresses the fat that the translational degrees of freedom are
distributed aording to a lassial Boltzmann statistis, whereas the internal energies are dis-
tributed aording to some free energy statistis. Sine the total momentum P0 =
∑
i pi and the
total energy E0 = E(q, p, ǫ) are also preserved by onstrution, the measure
dρ(q, p, ǫ) =
1
ZP,E
e−βH(q,p) exp
(∑
i
s(ǫi)
kB
− βǫi
)
δE=E0 δP=P0 dq dp dǫ (6)
is an invariant measure.
If the dynamis is ergodi for the measure (5), it holds
kB〈Tkin〉 = β−1, kB
(〈
1
Tint
〉)−1
= β−1,
with Tkin =
1
kBdN
∑N
i=1
p2i
mi
,
1
Tint
= 1N
∑N
i=1
1
Ti
, and 〈A〉 = ∫ A(q, p) ρ(q, p, ǫ) dq dp dǫ. Notie that
these relationships provide estimators for the loal thermodynami temperature β−1/kB through
the arithmeti average kineti temperatures, and the harmoni average internal temperatures. Let
us emphasize that a straightforward arithmeti average over the internal temperatures would give
wrong results (the orresponding estimator being biased). The same result holds in the ase when
there are invariants of the dynamis (with the invariant measure (6)) in the limit N → +∞.
4 A deterministi version of the model
We intend here to introdue a deterministi version of our model, whih allows to bridge the
gap between a previous mesosopi deterministi model [18℄ and the DPD framework for shok
waves. The model proposed in [18℄ introdues damping fores on the position variable diretly
(and not on the momentum variables as would be expeted) in order to preserve the Galilean
invariane. Indeed, the damping terms in the momentum variable are onsidered to be of the
form −γ(vi − v¯i), where v¯i is a loal average of the veloities around the partile, whih makes
the Galilean invariane of the dissipated energy diult to preserve. If on the other hand the
dissipation term in the momentum variable implies only pairwise veloity dierenes as for DPD
models, the Galilean invariane follows immediately. The following equations of motion then mix
the deterministi equations of motion of [18℄ and the DPD philosophy:

dqi =
pi
mi
dt
dpi =
∑
j, j 6=i
−∇V (rij) dt− γ
T extij − T intij
T¯
ω(rij)vij dt,
dǫi =
1
2
∑
j, j 6=i
γ
T extij − T intij
T¯
ω(rij)v
2
ij dt.
where T extij is the average temperature in the kineti degrees of freedom of partiles i and j (for
example, T extij = (T
ext
i + T
ext
j )/2 with T
ext
i = 2p
2
i /kBdmi the kineti temperature assoiated
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with partile i) and T intij is the average internal temperatures of partiles i and j (for example,
T intij = (T
int
i +T
int
j )/2). The funtion ω is still a weighting funtion, and γ determines the strength
of the oupling.
Notie that the dissipation term is in fat a dissipation term only when T extij > T
int
ij , and an
anti-dissipation term otherwise. This ensures that the internal and external (kineti thus potential
terms) energies equilibriate in all ases. However, the thermodynami properties of suh a model
are less lear to state than for the previous stohasti model, and so, we stik to the model (3).
5 Numerial disretization
We use splitting formulas inspired from [16, 15℄. Reall that the integration of the equation of
motion (3) is not straightforward sine the dissipation terms depend on the relative veloities.
We deompose (3) into elementary SDEs, and denote by φ∆t the (stohasti) ow map for a
time ∆t. The elementary SDEs are the usual deterministi Newton part and the dissipation part,
whih read respetively
{
dq = M−1p dt,
dp = −∇V (q) dt and ∀i < j,


dpi = −γijχ2(rij)vij dt+ σχ(rij) dWij ,
dpj = −dpi,
dǫi = − 12d
(
p2i
2mi
+
p2j
2mj
)
,
dǫj = dǫi.
Denoting by φNewton,∆t and φ
i,j
diss,∆t (1 ≤ i < j ≤ N) the assoiated stohasti ow maps, an
approximation of φ∆t of order 1 is φ∆t ≃ φ1,2diss,∆t ◦ · · · ◦ φN−1,Ndiss,∆t ◦ φNewton,∆t. Notie that in
pratie it is diult to resort to a seond order auray sheme through a Strang splitting sine
this requires to keep trak of the order the variables were updated in the rst part of the time
step, whih is umbersome when using Verlet lists.
The Newton ow φNewton,∆t is approximated using a Veloity-Verlet sheme. For an approx-
imation Φi,jdiss,∆t (i < j) of the dissipation part, we rst update the veloities at xed internal
temperatures using a Verlet-like algorithm as proposed in [16℄:

p
n+1/2
i = p
n
i −
1
2
γijχ
2(rij)v
n
ij +
1
2
σ
√
∆tχ(rij)U
n
ij ,
p
n+1/2
j = p
n
j +
1
2
γijχ
2(rij)v
n
ij −
1
2
σ
√
∆tχ(rij)U
n
ij ,
pn+1i = p
n+1/2
i −
1
2
γijχ
2(rij)v
n+1
ij +
1
2
σ
√
∆tχ(rij)U
n
ij ,
pn+1j = p
n+1/2
j +
1
2
γijχ
2(rij)v
n+1
ij −
1
2
σ
√
∆tχ(rij)U
n
ij ,
where (Unij)1≤i<j≤N,n≥0 are independently and identially distributed standard gaussian random
variables. Notie that the third and fourth updates an be rewritten in an expliit form [16℄. The
energy is then updated as
ǫn+1i − ǫni = ǫn+1j − ǫnj =
1
2
(
(pn+1i )
2
2mi
+
(pn+1j )
2
2mj
− (p
n
i )
2
2mi
− (p
n
j )
2
2mj
)
.
so that the total energy is indeed onserved by this step. Of ourse, this integration sheme ould
be rened, espeially the dissipation part. We however tested several renements and/or higher
orders integrations in some model ases, but found no notieable dierenes in the results.
6 Appliation to shok waves
Some numerial simulations of DPD models with onserved energy where proposed in [14, 2℄,
but were onerned only with the omputation of thermal ondutivities. The orresponding
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nonequilibrium states were stabilized using steady temperature gradients. The dissipation terms
in the DPDE equations of motions were disarded, and only the diusive part was retained. We
present in this setion proles obtained from simulations of shok waves, for whih the diusive
part of the dynamis an be disarded, but the dissipative part is of paramount importane to
reprodue qualitative and quantitative features of all-atom shok waves. This situation is somehow
omplementary to the ases studied in [14, 2℄, and, to our knowledge, was never onsidered before
for some physial appliation.
We onsider the rystalline polymer (PVDF) system of [18℄, the orresponding redued system
being modeled by a two-dimensional (2D) triangular lattie of mesopartiles. Results for the
all-atom model an also be found in [18℄.
The eetive interation potential between mesopartiles is a pairwise Rydberg potential of
the form [18℄
V (r) = VR
(
λ
(
r
r0
− 1
))
with VR(d) = −ǫ (1 + d+ αd3) e−d.
The parameters given by [18℄ were tted to reprodue the stress in an uniaxial ompression:
λ = 7.90, α = 0.185, r0 = 5.07 Å, ǫ = 1.612× 10−20 J, m = 64.03× 10−3 kg/mol. We also hoose
a ut-o radius Rcut = 15 Å for the pairwise interations. The mirosopi state law is obtained
by assuming that Cv is independent of the temperature: ǫ = CvT , with here Cv = 16 kB sine
we represent a three-dimensional moleule formed of 6 atoms by a 2D mesopartile. In general,
the heat apaity is a funtion of the temperature Cv = Cv(T ), and should be parametrized by
equilibrium simulations.
We use the simple weight funtion χ(r) = (1 − r/Rcut)2 if r ≥ Rcut, χ(r) = 0 otherwise,
the ut-o radius Rcut being the same as the one used for the potential. Of ourse, many other
weight funtions ould be used. We also set γ = 1.5 × 10−14 kg/s and ∆t = 10−14 s. In these
preliminary tests of the model, the parameter γ was varied to obtain a good agreement with the
all-atom results. However, it is expeted that γ is linked to some physial quantity, suh as the
deay rate of the relative veloities autoorrelation in an all-atom simulation, and ould therefore
be estimated using some preliminary small equilibrium simulations.
We rst prepare an initial state aording to the invariant measure (5). To this end, we
sample independently the internal energies aording to the measure Z−1ǫ exp(−βǫ + s(ǫ)/kB) =
Z−1ǫ ǫ
Cv/kB exp(−βǫ), and the initial onguration in phase-spae by thermalizing a lattie initially
at rest, using a Langevin dynamis. In this study, the initial temperature is T0 = 300 K, and the
edge of the triangles in the triangular lattie is a = 5.13 Å.
We then produe a shok using a piston at veloity up = 3000 m/s. Figure 1 presents the
relaxation behind the shok front for the 2D triangular lattie of mesopartiles subjeted to the
dynamis (3). The results are in good agreement with the all-atom results of [18℄. In partiular, the
nal temperature is very lose to the all-atom value (whereas it is of ourse greatly overestimated
by the mesosopi dynamis without oupling), and the time required for the internal temperatures
and kineti temperatures to equilibriate is almost the time needed in all-atom studies.
7 Conlusion and prospets
We have proposed a simplied DPDE dynamis [1, 4℄, and shown its ability to simulate shok
waves in a simple model ase. This method allows a omputational gain of one order of magnitude
in spae in the partiular example onsidered, sine 18 degrees of freedom are replaed by 2 degrees
of freedom (assuming that the omputational ost sales linearly with respet to the number of
partiles, whih is the ase here sine we resort to short-ranged potentials). Besides, the time
steps used an be taken larger as the time steps required by straightforward MD simulations sine
do not need to resolve the high-frequeny atomi vibrations.
Further quantitative agreement ould be obtained by resorting to a less simplisti mirosopi
state law T = T (ǫ), and parametrizing more systematially the dynamis. In partiular, the
frition oeient γ ould be obtained from equilibrium all-atom simulations. Memory eets
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Figure 1: (olor online) Temporal evolution of the temperature of a thin slab of material as the
shok runs trough it : mean kineti temperature Tˆkin in the diretion of the shok (intermediate
urve, red), mean internal temperature Tˆint (lower urve, blue). The orresponding results when
the oupling with the internal degress of freedom is turned o are also shown (upper urve, blak),
and a artoon representation of the all-atom result from [18℄ for the kineti temperature Tˆkin is
also plotted (dark dashed line).
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ould also be introdued by resorting to history-dependent frition terms (in analogy with the
so-alled generalized Langevin equations).
More importantly, this study opens the way to a redued model of detonation waves. For
detonation waves, hemial reations have to be treated expliitely and aurately in order to
obtain the right veloities. Work is in progress to inorporate the orresponding hemial proesses
in the urrent DPDE framework [12℄.
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